
Basic composition, the typed 𝜆𝜆𝜆-calculus

Review

• Meaning as truth conditions

– Sentences are either true 1 or false 0, given a particular model.

– 𝑝 “entails” 𝑞 if and only if, for any model 𝑀, if J𝑝K𝑀 = 1 then J𝑞K𝑀 = 1

• 𝐷𝑒 is the domain of individuals

• We can think of predicates...

1. as a function from 𝐷𝑒 → {0, 1}:

(1) JsleepK𝑀(𝑥) =
{

1 if 𝑥 sleeps in 𝑀

0 otherwise

2. as the set of individuals that satisfy the predicate

Nouns like cat and student are also predicates like sleep: functions from 𝐷𝑒 → {0, 1}.
� Today we’ll concentrate on their meaning as functions.

1 Functions and semantic types

Every linguistic expression has a semantic type:

• Terms (which are individuals) are type 𝑒 and in 𝐷𝑒 e.g. proper names

• Wffs (which have truth values) are type 𝑡 and in 𝐷𝑡 = {0, 1} e.g. sentences

• A function from type 𝜏 to 𝜎 is type ⟨𝜏, 𝜎⟩ and in 𝐷⟨𝜏,𝜎⟩

(2) Some examples:

a. JTamaK type 𝑒

b. JsleepK type ⟨𝑒 , 𝑡⟩
c. JdogK type ⟨𝑒 , 𝑡⟩

d. Jgreen dogK type ⟨𝑒 , 𝑡⟩
e. JsawK type ⟨𝑒 , ⟨𝑒 , 𝑡⟩⟩
f. Jsaw DanaK type ⟨𝑒 , 𝑡⟩

Semantic type does not simply map to syntactic category. Where do they come apart?
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Types in Winter 2016 and Heim and Kratzer 1998:

Winter 2016 uses 𝜏𝜎 or (𝜏𝜎) as the type of functions in 𝐷⟨𝜏,𝜎⟩.
Here are some types and their equivalents:

Winter Heim and Kratzer

(et)t ⟨⟨𝑒 , 𝑡⟩, 𝑡⟩
(et)(et) ⟨⟨𝑒 , 𝑡⟩, ⟨𝑒 , 𝑡⟩⟩

(et)((et)t) ⟨⟨𝑒 , 𝑡⟩, ⟨⟨𝑒 , 𝑡⟩, 𝑡⟩⟩

I will use the Heim and Kratzer (1998) style, which is more common in the literature.

2 𝜆𝜆𝜆 notation

Functions in math classes are often defined by saying, for example, 𝑓 (𝑥) = 𝑥 + 1 and 𝑥 must be a

number (in 𝐷𝑛). We will use 𝜆𝜆𝜆 notation for defining functions:

(3) 𝑓 = 𝜆𝑥 . 𝑥 + 1

For example, 𝑓 (5) = [𝜆𝑥 . 𝑥 + 1](5) = 5 + 1 = 6. Applying a function to an argument means

“replacing” instances of the outermost 𝜆 variable with the argument (5) in the value description.

We can be more specific and clarify that arguments of 𝑓 need to be in 𝐷𝑛 :

(4) 𝑓 = 𝜆𝑥 : 𝑥 ∈ 𝐷𝑛 . 𝑥 + 1 𝑓 = 𝜆 𝑥︸︷︷︸
argument variable

: 𝑥 ∈ 𝐷𝑛︸  ︷︷  ︸
domain condition

. 𝑥 + 1︸︷︷︸
value description

If the function’s argument is not of the right type, the result is undefined. For example, 𝑓 (Alex) is

undefined because Alex ∉ 𝐷𝑛 .

Exercise:

(5) 𝑔 = [𝜆𝑥 . 𝜆𝑦 . 𝑦 × (𝑥 − 1)]. Compute
(
𝑔(3)) (4).
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3 Composition

(6) The Principle of Compositionality: The meaning of a linguistic expression is built of the

meaning of its constituent parts, in a systematic fashion.

(7) JTama sleepsK = Sleep(Tama)

(8) S

DP

Tama

VP

V
sleeps

(I refer to noun phrases as DP (Determiner Phrase) as H&K does.)

A recursive definition for the interpretation function J...K (first step):

(9) Terminal Nodes (TN):

If 𝛼 is a terminal node, J𝛼K is specified in the lexicon.

(10) Non-branching Nodes (NN):

If 𝛼 is a non-branching node, and 𝛽 is its daughter node, then J𝛼K = J𝛽K.

(11) Functional Application (FA):

If 𝛼 is a branching node, {𝛽, 𝛾} is the set of 𝛼’s daughters, and J𝛽K is a function whose

domain contains J𝛾K, then J𝛼K = J𝛽K(J𝛾K).

Note: Winter (2016) does not use Non-branching Nodes (NN).

Some hints for computing the denotation of complex structures:

1. Start with a tree. (We ignore DP-internal structure for names and, for now, model the sentence

as S, not TP/IP.)

2. Annotate each node with its semantic type.

(12) The Triangle Method:

Look at projections like 𝛼

𝛽 𝛾

as triangles. Like the angles on a triangle, if you

know two of the three, you should be able to determine the type of the third “corner.”

Sometimes there will be two or three options, but at least you will know what the

limited set of possibilities are.
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3. Compute the denotation of each node in the tree. You can work bottom-up or top-down. For

each node, give the rule that is being used (TN, NN, FA, etc.) to obtain the denotation.

4 Notes on notation

Denotations in Heim and Kratzer 1998:

Heim and Kratzer 1998 — which we will generally follow from hereon out — writes denotations

in terms of truth conditions written in English, rather than in predicate logic:

Heim and Kratzer Predicate logic styleJTama sleepsK 1 iff Tama sleeps Sleep(Tama)JsleepsK 𝜆𝑥 . 1 iff 𝑥 sleeps 𝜆𝑥 . Sleep(𝑥)
(or: 𝜆𝑥 . 𝑥 sleeps1)

We will write denotations in predicate logic style in this class.

Three shortcuts people take with 𝜆𝜆𝜆 notation:

1. If the domain condition is of the form 𝑥 ∈..., then just add it to the argument variable:JsleepK = 𝜆𝑥 ∈ 𝐷𝑒 . Sleep(𝑥)
2. If the domain condition is of the form 𝑥 ∈ 𝐷𝑒 , just leave it off. The default type for arguments

is type 𝑒: JsleepK = 𝜆𝑥 . Sleep(𝑥)
3. If the domain condition is of the form 𝑥 ∈ 𝐷𝜏, then just add the type as a subscript 𝜏 to the

variable: JsleepK = 𝜆𝑥𝑒 . Sleep(𝑥)
H&K does not use this last shortcut, but you see it in the literature.

In other words, all three variants above are equivalent to saying JsleepK = 𝜆𝑥 : 𝑥 ∈ 𝐷𝑒 . Sleep(𝑥)

1H&K uses a convention where, for functions that return a truth value, they just write “[condition]” to mean “1
iff [condition].” But sentences (type 𝑡) themselves always are written with “1 iff...”. This part can be confusing — it’s
discussed in H&K pages 36–37. But for the purposes of our class, because we will write denotations in predicate logic,
we can largely avoid this complication.
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5 More examples

(13) Brie loves Cara.

(14) Are these the same?

a. JloveK = 𝜆𝑥 . 𝜆𝑦 . Love(𝑦, 𝑥)
b. JloveK = 𝜆𝑦 . 𝜆𝑥 . Love(𝑥, 𝑦)
c. JloveK = 𝜆𝑥 . 𝜆𝑦 . Love(𝑥, 𝑦)

As in IFS, read two-place functions in subject–object order: in 𝑅(𝑥, 𝑦), 𝑥 is the subject and 𝑦 is the

object.

(15) a. It-is-not-the-case-that Tama sleeps.

b. Tama does not sleep.

(16) JdoesK = Id (the identity function)

= 𝜆𝑃 . 𝑃 for any type of argument

I use “Id” as a shorthand: Id ∈ 𝐷⟨𝜏,𝜏⟩ for any type 𝜏

(17) Brie introduced Cara to Dana.

(18) Binary branching: Every branching node will have exactly two daughters.
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