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� *OUSPEVDUJPO
8F DPNNPOMZ UIJOL PG RVFTUJPO�GPSNBUJPO BT UIF QSJNBSZ VTF PG XI�QISBTFT�
#VU JO NBOZ MBOHVBHFT XI�QISBTFT BSF BMTP VTFE GPS RVBOUJaDBUJPO�

	�
 6TFT PG +BQBOFTF EBSF� 	4IJNPZBNB ����� ���

XI EBrSF JOUFSSPHBUJWF qXIPr
XI�İĳ	 
 EBrSF�NP VOJWFSTBM qFWFSZPOFr
XI�ĢĨĸī EBrSF�LB FYJTUFOUJBM qTPNFPOFr
XI�ģľģı EBSF�NP /1* qBOZPOFr
XI�Ġĸĵ� EBSF�EFNP GSFF DIPJDF qBOZPOFr

,VSPEB 	����� ��
 JOUSPEVDFE UIF UFSN sJOEFUFSNJOBUFt UP SFGFS UP XI�XPSET
BT sOPVOT UIBU CFIBWF MJLF B MPHJDBM WBSJBCMF�t

.BOZ MBOHVBHFT DPNCJOFXI�QISBTFTXJUI PUIFS QBSUJDMFT UP GPSN RVBOUJaFST�

! 5XP PG UIF NPTU DPNNPO UZQFT PG NPSQIFNFT JOWPMWFE JO XI�
RVBOUJaDBUJPO BSF 	B
 EJTKVODUPST BOE 	C
 TDBMBS GPDVT QBSUJDMFT 	TFF
F�H� )BTQFMNBUI ����� ���
�

2� 8IBU FYQMBJOT UIFTF QSFWBMFOU DPNCJOBUJPOT 8IZ UIFTF QBSUJDMFT 

5PEBZ� * QSFTFOU B GSBNFXPSL GPS UIF DPNQPTJUJPOBM TFNBOUJDT PG BMUFSOBUJWFT
XIJDI NPEFMT WBSJPVT BUUFTUFE GPSNT PG XI�RVBOUJaDBUJPO BOE IFMQT VT UIF
QSFWBMFOU VTF PG EJTKVODUPST BOE GPDVT QBSUJDMFT JO XI�RVBOUJaDBUJPO�

�'PS DPNNFOUT BOE EJTDVTTJPO * UIBOL /BEJOF #BEF 3BIVM #BMVTV 4JHSJE #FDL ,FOZPO
#SBOBO "SPO )JSTDI 6UQBM -BIJSJ ,FFMZ /FX BOE FTQFDJBMMZ )BEBT ,PUFL BOE UIF BVEJFODFT
BU UIF 5PLBJ 4FNBOUJDT 8PSLTIPQ UIF 6OJWFSTJUZ PG 5ØCJOHFO BOE .JDIJHBO 4UBUF 6OJWFSTJUZ�

�* SFGFS UP EFNP BT B DPODFTTJWF TDBMBS QBSUJDMF� * EP OPU EJTDVTT VOJWFSTBM XI�NP UZQF UPEBZ�
�

8I�QISBTFT 	BOE EJTKVODUJPOT
 JOUSPEVDF BMUFSOBUJWFT 	)BNCMJO ���� BOE
NBOZ PUIFST
� * BEPQU UIF WJFX UIBU UIFTF BMUFSOBUJWFT BSF GPSNBMMZ UIF TBNF
BT 	3PPUIJBO
 BMUFSOBUJWFT GPS UIF DPNQVUBUJPO PG GPDVT 	#FDL ���� B�P�
�
"� 'PDVT QBSUJDMFT 	BOE EJTKVODUJPOT
 BSF VOJRVF JO RVBOUJGZJOH PWFS

BMUFSOBUJWFT� 	8JUI TPNF IFMQ
 UIFZ DBO RVBOUJGZ PWFS BMUFSOBUJWFT JO�
USPEVDFE CZ XI�QISBTFT VTJOH UIFJS SFHVMBS GPDVT QBSUJDMF TFNBOUJDT�

v 5IF BQQSPBDI EFSJWFT DPNNPO DPNCJOBUJPOT TVDI BT XI�ģľģı
/1*T BOE XI�ĢĨĸī JOEFaOJUFT BT XFMM BT PUIFS DPNCJOBUJPOT TVDI
BT XI�ĠĮģĥĺ /1*T XI�ĳıĮŁ '$*T BOE XI�ĠĳıĢ�ģľģı '$*T�

v $SPTT�MJOHVJTUJD EJêFSFODFT JO XI�RVBOUJaDBUJPO BSF EVF UP 	B

XIBU 	DPNCJOBUJPOT PG
 PQFSBUPST BSF TQFMMFE PVUNPSQIPMPHJDBMMZ
BOE 	C
 UIF TZOUBDUJD EJTUSJCVUJPO PG UIF IFMQJOH PQFSBUPST�

�� "MUFSOBUJWF 4FNBOUJDT �� 5IF GSBNFXPSL �� $BTF TUVEJFT �� 7BSJBUJPO

� "MUFSOBUJWF 4FNBOUJDT
��� 3PPUIJBO GPDVT TFNBOUJDT

	�
 "MUFSOBUJWF 4FNBOUJDT 	3PPUI ���� ����
�
8F LFFQ USBDL PG UXP EJNFOTJPOT PG NFBOJOH� 'PS BOZ TZOUBDUJD PCKFDU
α XF DPNQVUF�
B� UIF PSEJOBSZ TFNBOUJD WBMVF !α"P� BOE
C� UIF BMUFSOBUJWF TFU 	PS GPDVT TFNBOUJD WBMVF
 !α"BMU UIF TFU PG BMM

PSEJOBSZ TFNBOUJD WBMVFT PCUBJOFE CZ TVCTUJUVUJOH BMUFSOBUJWFT GPS
BOZ '�NBSLFE TVCQBSUT PG α�

	�
 .BSZ POMZ CPVHIU B <TBOEXJDI>'�
	�
 .BSZ POMZ <CPVHIU>' B TBOEXJDI�
	�r
 !. CPVHIU B <TBOEXJDI>'"P � ∧. CPVHIU B TBOEXJDI 	QSFKBDFOU
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⎧
⎨

⎩

∧. CPVHIU B TBOEXJDI
∧. CPVHIU B QJ[[B
∧. CPVHIU B TBMBE

⎫
⎬

⎭
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"MUFSOBUJWF 4FNBOUJDT QSPWJEFT B SFDVSTJWF QSPDFEVSF GPS DPNQVUJOH UIFTF
BMUFSOBUJWF TFUT PGUFO DBMMFE sQPJOUXJTFt PS s)BNCMJOt DPNQPTJUJPO�

�



	�

#
POMZ α

$P
= λX . ∀R ∈ !α"BMU

(R ̸= !α"P → R(X) � �)

s"MM OPO�QSFKBDFOU BMUFSOBUJWFT BSF GBMTFt
" QSFTVQQPTJUJPO� !α"P (X) = �

	�

#
FWFO α

$P
= !α"P

" QSFTVQQPTJUJPO� ∀R ∈ !α"BMU
[R ̸= !α"P → !α"P <MJLFMZ R

]

s5IF QSFKBDFOU JT UIF MFBTU MJLFMZ BMUFSOBUJWF�t

�� 6OEFS UIJT 3PPUIJBO GSBNFXPSL BOZ α TBUJTaFT !α"P ∈ !α"BMU� * DPEJGZ
UIJT BT B SFRVJSFNFOU UIBU FWFSZ DMBVTF TBUJTGZ 	�
�

	�
 *OUFSQSFUBCJMJUZ� 	CBTFE PO 3PPUI ����� #FDL ����

5P JOUFSQSFU α !α"P NVTU CF EFaOFE BOE ∈ !α"BMU�

�� 'PDVT QBSUJDMFT BSF VOJRVF JO CFJOH BCMF UP MPPL BU BMUFSOBUJWF TFUT
	!..."BMU
�� 0UIFS MFYJDBM JUFNT TJNQMZ DPNQPTF QPJOUXJTF�

�� 0ODF BMUFSOBUJWFT GSPN B QBSUJDVMBS GPDVT BSF sVTFEt CZ B GPDVT QBSUJ�
DMF UIPTF BMUFSOBUJWFT DBOOPU CF JOUFSQSFUFE BHBJO CZ B IJHIFS PQFSB�
UPS� "MM GPDVT QBSUJDMFT BSF sSFTFUUJOHt��

	�
 3FTFU�
0Q JT sSFTFUUJOHt JG JU TQFDJaFT !0Q α"BMU :=

{
!0Q α"P

}�

��� /FP�)BNCMJO RVFTUJPO TFNBOUJDT
)BNCMJO ���� QSPQPTFE UIBU UIF NFBOJOH PG B RVFTUJPO JT UIF TFU PG QPTTJCMF
BOTXFS QSPQPTJUJPOT��

	�
 !8IP EPFT "MFY MJLF " �
⎧
⎨

⎩

∧"MFY MJLFT #PCCZ
∧"MFY MJLFT $ISJT
∧"MFY MJLFT %BOB���

⎫
⎬

⎭

�*O 	�v�
 UIJT JT CZ HJWJOH POMZ BOE FWFO TZODBUFHPSFNBUJD FOUSJFT� *O 3PPUI ���� UIJT JT
CFDBVTF UIF TRVJHHMF∼ JT UIF POMZ PQFSBUPS JO UIF HSBNNBS XIJDI DBO SFGFSFODF BMUFSOBUJWF TFUT
BOE GPDVT QBSUJDMFT NBLF SFGFSFODF UP UIF PVUQVU PG ∼�

�5IF DMBJN UIBU BMM GPDVT QBSUJDMFT BSF SFTFUUJOH JT NBEF CZ #FDL 	����
 BT QBSU PG IFS FYQMB�
OBUJPO GPS JOUFSWFOUJPO FêFDUT JO XI�RVFTUJPOT CVU PUIFS BQQSPBDIFT UP JOUFSWFOUJPO IBWF TJODF
CFFO QSPQPTFE� 4FF BMTP SFDFOU EJTDVTTJPO JO #BEF BOE 4BDIT �����

�

)FSF * QSFTFOU B NPEFSO JNQMFNFOUBUJPO PG UIJT JEFB JO UIF 3PPUIJBO UXP�
EJNFOTJPOBM TFNBOUJDT�

" XI�QISBTF IBT B TFU PG QPTTJCMF WBMVFT 	≈ TIPSU BOTXFST
 BT JUT BMUFSOBUJWF
TFU XJUI OP EFaOFE PSEJOBSZ TFNBOUJD WBMVF 	3BNDIBOE ����� #FDL ����
�

	��
 !XIP"P JT VOEFaOFE
!XIP"BMU � {YF : Y JT IVNBO}

	��
 B� !"MFY MJLFT XIP"P JT VOEFaOFE

C� !"MFY MJLFT XIP"BMU �
⎧
⎨

⎩

∧"MFY MJLFT #PCCZ
∧"MFY MJLFT $ISJT
∧"MFY MJLFT %BOB

⎫
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#VU 	��
 IBT OP PSEJOBSZ TFNBOUJD WBMVF BOE WJPMBUFT *OUFSQSFUBCJMJUZ 	�
�
"O PQFSBUPS sMJGUTt UIF NFBOJOH JO 	��
 JOUP BO *OUFSQSFUBCMF RVFTUJPO NFBO�
JOH�

	��
 "Įĺ4ħĨĥĺ 	,PUFL ���� ����
��
B� !<"Įĺ4ħĨĥĺ α>"P � !α"BMU

C� !<"Įĺ4ħĨĥĺ α>"BMU =
{

!α"BMU
}

← SFTFU

	��
 B� !"Įĺ4ħĨĥĺ <"MFY MJLFT XIP>"P �
⎧
⎨

⎩

∧"MFY MJLFT #PCCZ
∧"MFY MJLFT $ISJT
∧"MFY MJLFT %BOB
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∧"MFY MJLFT #PCCZ
∧"MFY MJLFT $ISJT
∧"MFY MJLFT %BOB
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�)BNCMJO BMTP EFTDSJCFE B QSPDFEVSF GPS DPNQVUJOH RVFTUJPO NFBOJOHT DPNQPTJUJPOBMMZ
XIJDI JT FRVJWBMFOU UP 3PPUI 	����
 UIFO QSPQPTFE GPS GPDVT BMUFSOBUJWFT� TP�DBMMFE QPJOUXJTF
DPNQPTJUJPO� )JTUPSJDBM OPUF� 3PPUI XBT OPU BXBSF PG )BNCMJO ���� XIFO EFWFMPQJOH IJT QSP�
QPTBM� 4FF 3PPUI ���� GPPUOPUF ��

�5IJT TBNF NFBOJOH JT QSPQPTFE GPS $JOU JO #FDL ����� #FDL BOE ,JN ����� #VU JO QBJS�MJTU
NVMUJQMF RVFTUJPOT UIJT PQFSBUJPO XJMM IBWF UP BQQMZ UXJDF XIJDI JT XIZ ,PUFL 	���� ����

QSPQPTFT UIBU UIJT JT OPU UIF GVODUJPO PG JOUFSSPHBUJWF $ CVU SBUIFS B TFQBSBUF PQFSBUPS DBMMFE
"Įĺ4ħĨĥĺ�

�



��� %JTKVODUJPO JO "MUFSOBUJWF 4FNBOUJDT
"MPOTP�0WBMMF 	����
 BOE "MPOJ 	����
 QSPQPTF UIBU BMUFSOBUJWF TFUT BSF
VTFE GPS UIF JOUFSQSFUBUJPO PG EJTKVODUJPO BOE JUT TDPQF�UBLJOH VTJOH B POF�
EJNFOTJPOBM )BNCMJO TFNBOUJDT� 5IFZ TQMJU EJTKVODUJPO JOUP UXP TUFQT��

�� " KVODUPS IFBE + 	%FO %JLLFO ���� B�P�
 DSFBUFT BO BMUFSOBUJWF TFU�
�� BO ∃ PQFSBUPS DPNCJOFT UIFTF BMUFSOBUJWFT CZ EJTKVODUJPO��

-FUrT USBOTMBUF UIJT JOUVJUJPO JOUP UIF UXP�EJNFOTJPOBM "MUFSOBUJWF 4FNBOUJDT
GSBNFXPSL� + GPSNT BO FYQSFTTJPO XJUI OP PSEJOBSZ WBMVF MJLF XI�QISBTFT��

	��
 + XJUI EJTKVODUT Y�...YOY�...YOY�...YO�
B� !+ {YJ}"P VOEFaOFE
C� !+ {YJ}"BMU �

⋃
{!YJ" P}

	��
 B� !+ \#PCCZ $ISJT^"P VOEFaOFE
C� !+ \#PCCZ $ISJT^"BMU � \#PCCZ $ISJT^

	��
 B� !"MFY MJLFT <#PCCZ PS+ $ISJT>"P VOEFaOFE

C� !"MFY MJLFT <#PCCZ PS+ $ISJT>"BMU �
{ ∧"MFY MJLFT #PCCZ

∧"MFY MJLFT $ISJT
}

	��
 ∃∃∃∃∃∃ XJUI BSHVNFOU ααα�
B� !∃ α"P � ∨

!α"BMU

C� !∃ α"BMU � !α"BMU

	��
 B� !∃ <"MFY MJLFT <#PCCZ PS+ $ISJT>>"P � ∧" MJLFT # ∨ " MJLFT $

C� !∃ <"MFY MJLFT <#PCCZ PS+ $ISJT>>"BMU �
{ ∧"MFY MJLFT #PCCZ

∧"MFY MJLFT $ISJT
}

#VU 	��
 WJPMBUFT *OUFSQSFUBCJMJUZ 	�
�
�0O TQMJUUJOH EJTKVODUJPO JOUP BO BMUFSOBUJWF�DPMMFDUJPO TUFQ BOE B FYJTUFOUJBM DMPTVSF TUFQ TFF

BMTP 8JOUFS ���� ����� %FO %JLLFO ����� 4[BCPMDTJ �����
�5IF ∃ PQFSBUPS GPS POF�EJNFOTJPOBM )BNCMJO TFNBOUJDT DPNFT GSPN ,SBU[FS BOE 4IJ�

NPZBNB ���� QSPQPTFE GPS UIF JOUFSQSFUBUJPO PG XI�JOEFaOJUFT�
∃ PQFSBUPST BSF BQQMJFE BU UIF QSPQPTJUJPOBM MFWFM IFSF CVU DPVME BMTP CF EFaOFE UP BQQMZ UP

TVC�TFOUFOUJBM QISBTFT BT XFMM� 4FF F�H� "MPOTP�0WBMMF ���� "QQFOEJY $�
�"O BEWBOUBHF PG UIJT BQQSPBDI JT UIBU XF HFU BMUFSOBUJWF 	EJTKVODUJWF
 RVFTUJPOT GPS GSFF

GPMMPXJOH #FDL BOE ,JN ����� "Įĺ4ħĨĥĺ BQQMJFE UP 	��
 HJWFT VT B RVFTUJPO EFOPUBUJPO� 4FF BMTP
&SMFXJOF ���� ����BC�

�

	��
 ∃∃∃∃∃∃SFTFU XJUI BSHVNFOU ααα�
B� !∃SFTFU α"P � ∨

!α"BMU

C� !∃SFTFU α"BMU �
{∨

!α"BMU
}

← SFTFU

	��
 B� !∃SFTFU <"MFY MJLFT <#PCCZ PS+ $ISJT>>"P � ∧" MJLFT # ∨ " MJLFT $
C� !∃SFTFU <"MFY MJLFT <#PCCZ PS+ $ISJT>>"BMU � \∧" MJLFT #∨" MJLFT $^

� 5IF GSBNFXPSL
" XI�+�DPOUBJOJOH DMBVTF IBT B OPO�TJOHMFUPO BMUFSOBUJWF TFU BOE OP EFaOFE
PSEJOBSZ TFNBOUJD WBMVF�

	��
 B� !<51 ��� XI�+ ��� >"P VOEFaOFE
C� !<51 ��� XI�+ ��� >"BMU � {Q, R, ...} 	B TFU PG QSPQPTJUJPOT


5IJT WJPMBUFT *OUFSQSFUBCJMJUZ 	�
� *O QBSUJDVMBS XF OFFE UP DPNQVUF BO PSEJ�
OBSZ TFNBOUJD WBMVF CBTFE PO 	��
�

! * QSPQPTF UIBU "Įĺ4ħĨĥĺ ∃∃∃∃∃∃ BOE ∃∃∃∃∃∃SFTFU BSF UIF POMZ PQFSBUPST UIBU DBO
EFaOF BO PSEJOBSZ TFNBOUJD WBMVF XIFSF UIFSF JT OPOF���

u 8F DBO BQQMZ "Įĺ4ħĨĥĺ UP 	��
 HFU BO *OUFSQSFUBCMF RVFTUJPO PS BQQMZ
∃SFTFU UP HFU BO *OUFSQSFUBCMF FYJTUFOUJBM�EJTKVODUJWF QSPQPTJUJPO�

u 8F DPVME BQQMZ ∃ UP 	��
 UP EFaOF BO PSEJOBSZ TFNBOUJD WBMVF CVU UIJT
SFTVMU 	��
 XJMM TUJMM WJPMBUF *OUFSQSFUBCJMJUZ�
	��
 B� !∃ <51 ��� XI�+ ��� >"P � Q ∨ R ∨ ...

C� !∃ <51 ��� XI�+ ��� >"BMU � {Q, R, ...}
v 8F DBO UIFO BQQMZ B GPDVT QBSUJDMF XIJDIXJMM aY UIF *OUFSQSFUBCJM�

JUZ QSPCMFN CFDBVTF JU sSFTFUTt 	�
 UIF BMUFSOBUJWF TFU�
v 'PDVT QBSUJDMFT DBOrU BQQMZ EJSFDUMZ UP 	��
 CFDBVTF UIFSF JT OP EF�

aOFE PSEJOBSZ WBMVF 	QSFKBDFOU
�
��5IFTF PQFSBUPST DBO POMZ BQQMZ UP TUSVDUVSFT XIJDI IBWF OP EFaOFE PSEJOBSZ TFNBOUJD

WBMVF� *O PUIFS XPSET JUrT OPU HSBNNBUJDBM UP PWFSSJEF BO FYJTUJOH QSFKBDFOU WBMVF� 4FF &SMFXJOF
����C BOE ,PUFL ���� GPS NPUJWBUJPO CFIJOE UIJT SFTUSJDUJPO GPS "Įĺ4ħĨĥĺ�

�



� $BTF TUVEJFT
*OEFaOJUFT /1*T BOE '$*T IJHIMJHIUJOH EBUB GSPN UISFF 5JCFUP�#VSNBO MHT�

��� 8I�JOEFaOJUFT
4JODF +�EJTKVODUJPOT BOE XI�QISBTFT DSFBUF TJNJMBS NFBOJOHT B MBOHVBHF
DPVME BQQMZ ∃SFTFU UP B XI�DPOUBJOJOH DMBVTF�
	��
 B� !∃SFTFU <"MFY MJLFT XIP>"P

� ∧"MFY MJLFT #PCCZ ∨ "MFY MJLFT $ISJT ∨ "MFY MJLFT %BOB
� ∧"MFY MJLFT TPNFPOF

C� !∃SFTFU <"MFY MJLFT XIP>"BMU � \∧"MFY MJLFT TPNFPOF^ ← SFTFU

����� #BSF XI JOEFaOJUFT

! 8F ZJFME CBSF XI JOEFaOJUFT JG�
v + ↔ EJTKVODUJWF QBSUJDMF F�H� sPSt
v ∃SFTFU↔ ∅

����� 8I�EJTKVODUPS JOEFaOJUFT

"T )BTQFMNBUI 	����
 #IBU 	����
 BOE PUIFST OPUF NBOZ MBOHVBHFT VTF
XI�QISBTFT UPHFUIFS XJUI EJTKVODUJWF QBSUJDMFT BT JOEFaOJUFT�
	��
 4PNF XI�EJTKVODUPS JOEFaOJUFT�

qXIPr qTPNFPOFr
)VOHBSJBO LJ WBMB�LJ 	4[BCPMDTJ ����

+BQBOFTF EBSF EBrSF�LB 	4IJNPZBNB ����

,BOOBEB ZBBSV ZBBS�PP 	"NSJUBWBMMJ ����

5JXB TIBS TIBS�LIJ 	%BXTPO UP BQQFBS


! *O UIFTF MBOHVBHFT UIF QSPOVODJBUJPO PG EJTKVODUJPO SFbFDUT UIF VTF PG
∃SFTFU FWFO JO UIF BCTFODF PG +�

v + ↔ ∅
v ∃SFTFU↔ EJTKVODUJWF QBSUJDMF��

�

5JXB 	5JCFUP�#VSNBO� %BXTPO ���� UP BQQFBS
 PêFST B OJDF FYBNQMF PG UIF
EJTKVODUPS BT UIF SFBMJ[BUJPO PG 	WFSTJPOT PG
 ∃SFTFU�
	��
 5XP UZQFT PG XI�JOEFaOJUFT 	%BXTPO UP BQQFBS
�

.BSJB

.BSJB
TIBS�QIB�LIÊ�HP
XIP�ĭħĨ�ĵħĝ�ĝĠĠ

MBL N¾O�HB�
NFFU�ĵĥľ

q.BSJB NFU TPNFPOF�r

	��
 8I�QIB UBLFT OBSSPX TDPQF� XI�LIÊ UBLFT XJEF TDPQF�
$IJEË
JG

<TIBS�QIB�LIÊ
XIP�ĵħĝ�ĭħĨ

TJTUFS>�HP
TJTUFS�ĝĠĠ

MBL N¾O�B
NFFU�Ĩıĥ

QIJ�HBJEP
DPNF�ĠĳıĢ

4BMEJ
4BMEJ

LIÖQ
WFSZ

LI¿EV�HBN�
IBQQZ�Ġĥ

q*G 4BMEJ NFFUT TPNF OVO TIF XPVME CF WFSZ IBQQZ�r
B� �QIB⇔ JG > ∃� .FFUJOH BOZ OVO XJMM NBLF 4BMEJ IBQQZ�
C� �LIÊ ⇔ ∃ > JG� 5IFSF JT B QBSUJDVMBS OVO UIBU 4BMEJ XBOUT UP NFFU�

! 5IJT DPSSFMBUFT XJUI UIF TDPQF�UBLJOH CFIBWJPS PG UXP EJêFSFOU EJTKVOD�
UJPOT� CB BOE LIJ SFMBUFE UP XI�QIB BOE XI�LIÊ�

	��
 #B EJTKVODUJPO UBLFT OBSSPX TDPQF� LIJ UBLFT XJEF TDPQF�
.VLUPO
.VLUPO

CB�LIJ
ğĝ�ĭħĨ

.POCPS

.POCPS
QIJ�HBJEP
DPNF�ĠĳıĢ

4BMEJ
4BMEJ

LI¿EV�HBN�
IBQQZ�Ġĥ

q*G .VLUPO PS .POCPS DPNFT 4BMEJ XPVME CF IBQQZ�r
B� CB⇔ JG > ∨� 4BMEJ JT JO MPWF XJUI CPUI .VLUPO BOE .POCPS� 4IF

XJMM CF IBQQZ JG FJUIFS PG UIFN DPNFT�
C� LIJ⇔ ∨ > JG� 4BMEJ JT JO MPWF XJUI FJUIFS .VLUPO PS .POCPS CVU

XF EPOrU LOPX XIP� 8IPFWFS JU JT JG IF DPNFT UP WJTJU 4BMEJ XJMM
CF WFSZ IBQQZ�

4FF %BXTPO ���� UP BQQFBS GPS BEEJUJPOBM TDPQF GBDUT�
! 5IF VOJGPSN XJEF TDPQF PG LIJ�XI�LIJ BOE OBSSPX TDPQF PG CB�XI�QIB

DBO CF FYQMBJOFE JG LIJ BOE CB�QIB SFBMJ[F EJêFSFOU GPSNT PG ∃SFTFU�
v ∃SFTFU XJUI XJEFTU TDPQF ↔ LIJ
v ∃SFTFU XJUI OBSSPX TDPQF↔ CB�QIB

��0S UIF EJTKVODUJWF QBSUJDMF TQFMMT PVU B GFBUVSF PO XI�+ JOEJDBUJOH UIBU JUrT JO UIF QSFTFODF
PG ∃SFTFU GPS FYBNQMF WJB "HSFF�

�



��� 8I�/1*T
����� 8I�ģľģı /1*T

/1*T IBWF PGUFO CFFO BOBMZ[FE BT JOWPMWJOH BO PWFSU PS DPWFSU FWFO�

! "O /1* JT BO FWFO BTTPDJBUJOH XJUI BO JOEFaOJUF�
4FF F�H� )FJN ����� ,SJGLB ����� -FF BOE )PSO ����� -BIJSJ ����� $IJFS�
DIJB �����

)FSFrT PVS CBTJD TFNBOUJDT GPS FWFO SFQFBUFE GSPN BCPWF�

	�

#
FWFO α

$P
= !α"P

" QSFTVQQPTJUJPO� ∀R ∈ !α"BMU
[R ̸= !α"P → !α"P <MJLFMZ R

]

s5IF QSFKBDFOU JT UIF MFBTU MJLFMZ BMUFSOBUJWF�t

5IF TDBMBS NFBOJOH PG FWFO BTTPDJBUFE XJUI BO JOEFaOJUF XJMM CF VOTBUJTaBCMF
VOMFTT JUrT JO B EPXOXBSE�FOUBJMJOH FOWJSPONFOU 	-BIJSJ ����
 FYQMBJOJOH
/1* CFIBWJPS 	-BEVTBX ����
�

	��
 � <ģľģı <* TBX 40.&0/&>>

!* TBX 40.&0/&"BMU �
⎧
⎨

⎩

∧* TBX TPNFPOF
∧* TBX NBOZ
∧* TBX FWFSZPOF

⎫
⎬

⎭

ģľģı " 	∧* TBX TPNFPOF
 <MJLFMZ 	∧* TBX NBOZ
 BOE
	∧* TBX TPNFPOF
 <MJLFMZ 	∧* TBX FWFSZPOF
 ×

5IJT QSFTVQQPTJUJPO JT VOTBUJTaBCMF JO BOZ DPOUFYU�

	��
 !<ģľģı <ıģĦ <* TFF 40.&0/&>> � s* EJEOrU TFF BOZPOF�t

!ıģĦ <* TBX 40.&0/&>"BMU �
⎧
⎨

⎩

ıģĦ	∧* TBX TPNFPOF

ıģĦ	∧* TBX NBOZ

ıģĦ	∧* TBX FWFSZPOF


⎫
⎬

⎭

ģľģı " ¬	∧* TBX TPNFPOF
 <MJLFMZ ¬	∧* TBX NBOZ
 BOE
¬	∧* TBX TPNFPOF
 <MJLFMZ ¬	∧* TBX FWFSZPOF


⇐⇒ 	∧* TBX TPNFPOF
 >MJLFMZ 	∧* TBX NBOZ
 BOE
	∧* TBX TPNFPOF
 >MJLFMZ 	∧* TBX FWFSZPOF
 ⃝

�

5JCFUBO 	&SMFXJOF BOE ,PUFL ����
 IBT XI�	POF
�ģľģı /1*T CVU CBSF XI�
	POF
 BSF OPU JOEFaOJUFT���

	��
 5JCFUBO XI JOEFaOJUFT BOE /1*T�
TV qXIPr NJ�HDJH sQFSTPO�POFt qTPNFPOFr TV�ZBOH qBOZPOFr
HBSF qXIBUr 	DBMBH
�HDJH s	UIJOH
�POFt qTPNFUIJOHr HBSF�ZBOH qBOZUIJOHr

	��
 4V�ZBOH
XIP�ģľģı

TMFCT�NB�TPOH
BSSJWF�ıģĦ�ĵķĥľ

�
�
�TMFCT�TPOH�
�BSSJWF�ĵķĥľ

q/P POF BSSJWFE�r

! 5JCFUBO B GSFF DPWFSU ∃∃∃∃∃∃ CVU OPU ∃∃∃∃∃∃SFTFU�

	��
 B� !∃ <XIP BSSJWFE>"P � ∧TPNFPOF BSSJWFE

C� !∃ <XIP BSSJWFE>"BMU �
⎧
⎨

⎩

∧" BSSJWFE
∧# BSSJWFE
∧$ BSSJWFE ���

⎫
⎬

⎭

× 7JPMBUFT *OUFSQSFUBCJMJUZ 	�
�

8F DBO aY UIJT *OUFSQSFUBCJMJUZ QSPCMFN XJUI ģľģı CFDBVTF JUrT SFTFUUJOH�

	��
 B� !ģľģı [∃ <XIP BSSJWFE>>"P � ∧TPNFPOF BSSJWFE
ģľģı " ∀Y <	∧TPNFPOF BSSJWFE
 <MJLFMZ 	∧Y BSSJWFE
>

C� !ģľģı [∃ <XIP BSSJWFE>>"BMU � \∧TPNFPOF BSSJWFE^
⃝ *OUFSQSFUBCMF� × 6OTBUJTaBCMF QSFTVQQPTJUJPO�

8F BEEJUJPOBMMZ OFFE B %& PQFSBUPS UP HFU B TBUJTaBCMF QSFTVQQPTJUJPO�

	��
 B� !ģľģı [ıģĦ[∃ <XIP BSSJWFE>>>"P � ∧OP POF BSSJWFE
ģľģı " ∀Y <¬	∧TPNFPOF BSSJWFE
 <MJLFMZ ¬	∧Y BSSJWFE
>

C� !ģľģı [ıģĦ[∃ <XIP BSSJWFE>>>"BMU � \∧OP POF BSSJWFE^
⃝ *OUFSQSFUBCMF�⃝ 4BUJTaBCMF 	UBVUPMPHJDBM
 QSFTVQQPTJUJPO

! 5IJT FYQMBJOT XIZ UIF VTF PG ģľģı JT PCMJHBUPSZ JO XI�ģľģı /1*T FWFO
UIPVHI UIF BEEJUJPO PG ģľģı EPFT OPU NBLF B DPOUSJCVUJPO UP UIF PWFSBMM
NFBOJOH FYQSFTTFE� &ľģı SFQBJST UIF WJPMBUJPO PG *OUFSQSFUBCJMJUZ���

��+BQBOFTF JT UIF TBNF CVU TFF GPPUOPUF ��� 5IJT DPOUSBTUT XJUI F�H� ,PSFBO XIJDI BMTP IBT
XI�ģľģı /1*T CVU BMTP IBT CBSF XI JOEFaOJUFT�

��4FF F�H� $SOJǒrT ��� 	����
 /PO�7BDVJUZ DPOEJUJPO CBTFE JO UVSO PO (BKFXTLJ ���� �����
��



����� XI�ĠĮģĥĺ /1*T

#VSNFTF GPSNT XI�/1*T XJUI B DMFGU TFNBOUJDT QBSUJDMF INB�

	��
 #VSNFTF INB 	/FX BOE &SMFXJOF ����
���#
INB α

$P
= λX . !α"P (X)
" QSFTVQ�� ∀R ∈ !α"BMU

[(R <MJLFMZ !α"P
)
→ R(X) = �]

s"MM MFTT MJLFMZ BMUFSOBUJWFT BSF GBMTF�t

5IJT JT TJNJMBS UP UIF TFNBOUJDT GPS JU�DMFGUT JO 7FMMFNBO FU BM� �����

	��
 /HB�HB
��ıĳİ

<CBM
XIJDI

QBOUIJ>�LP�INB
BQQMF�ĝĠĠ�ħİĝ

NB�ZV�LFI�CV
ıģĦ�UBLF�ĵĝĸĺ�ıģĦ

�
�
�ZV�LFI�EFI�
�UBLF�ĵĝĸĺ�ķģĝĮ

q* EJEOrU UBLF BOZ BQQMF	T
�r

! #VSNFTF IBT GSFF DPWFSU ∃∃∃∃∃∃ CVU OPU ∃∃∃∃∃∃SFTFU�

-FU � � BOE � CF BQQMFT JO UIF DPOUFYU�

	��
 B� !∃ <* UPPL XIJDI BQQMF>"P � ∧* UPPL � ∨ * UPPL � ∨ * UPPL �

C� !∃ <* UPPL XIJDI BQQMF>"BMU �
⎧
⎨

⎩

∧* UPPL �
∧* UPPL �
∧* UPPL �

⎫
⎬

⎭

× 7JPMBUFT *OUFSQSFUBCJMJUZ 	�


/PX BQQMZ INB BQQMZJOH UP 	��
 XJUI BOE XJUIPVU IJHIFS OFHBUJPO�

	��
 � !ħİĝ [∃ [* UPPL XIJDI BQQMF>>"P � ∧* UPPL TPNF BQQMF
ħİĝ " ¬� ∧ ¬� ∧ ¬�
⃝ *OUFSQSFUBCMF� × "TTFSUJPO JODPNQBUJCMF XJUI QSFTVQQPTJUJPO

	��
 !ıģĦ [ħİĝ [∃ [* UPPL XIJDI BQQMF]]]"P
� ¬ <* UPPL TPNF BQQMF> � ∧* EJEOrU UBLF BOZ BQQMF
ħİĝ " ¬� ∧ ¬� ∧ ¬�
⃝ *OUFSQSFUBCMF� ⃝ "TTFSUJPO DPNQBUJCMF XJUI QSFTVQQPTJUJPO

s5IF NFBOJOH PG B MFYJDBM JUFN VTFE JO UIF EJTDPVSTF NVTU BêFDU UIF NFBOJOH PG JUT IPTU TFOUFODF
	FJUIFS JUT USVUI�DPOEJUJPOT PS JUT QSFTVQQPTJUJPOT
�t

* BN OPU DPNNJUUFE UP UIJT BQQSPBDI GPS +BQBOFTF XI�NP /1*T EVF UP UIF BSHVNFOUT PG 4IJ�
NPZBNB ����� #VU TFF BMTP 5PNJPLB ���� GPPUOPUF ��

��*O /FX BOE &SMFXJOF ���� XF QSPQPTF UIBU UIF BMUFSOBUJWFT UIBU INB DPOTJEFST NVTU CF
DMPTFE VOEFS DPOKVODUJPO� 5IJT EPFT OPU BêFDU UIF EJTDVTTJPO IFSF�

��

��� 8I�'$*T
5IFSF BSF NBOZ EJêFSFOU '$*T GPSNFE GSPN XI�QISBTFT XJUI TPNF QBSUJDMF
	(JBOOBLJEPV BOE $IFOH ����
�

�� 8I�sNPEBM QBSUJDMFt� F�H� &OHMJTI XIP�FWFS (SFFL PQKPT�EIJQPUF���

�� 8I�ĢĨĸī� F�H� ,PSFBO OXVLXV�OB 	(JMM FU BM� ����� ,JN BOE ,BVGNBOO
����� $IPJ ����� $IPJ BOE 3PNFSP ����� B�P�


�� 8I�ĺħģı�ĝĮĸĳ� F�H� %VUDI XJF EFO PPL 	3VMMNBOO ����


)FSF *NFOUJPO UXP QBUUFSOT OPUNFOUJPOFE JO(JBOOBLJEPV BOE$IFOH �����

	��
 #VSNFTF XI�ĳıĮŁ '$*� 	,FFMZ /FX Q�D�

/HB
�

<CBM
XIJDI

IJO>�CFI
EJTI�ĳıĮŁ

TBS�MP
FBU�$

ZB�EBM�
HFU�ķģĝĮ

q* DBO FBU BOZ EJTI�r

! 5IF VTF PG BO FYIBVTUJWF QBSUJDMF 	ĳıĮŁ
 JO UIF FYQSFTTJPO PG GSFF DIPJDF
DBO CF VOEFSTUPPE VOEFS UIF FYIBVTUJaDBUJPO BQQSPBDI UP GSFF DIPJDF
	'PY ����
 BOE DBO CF NPEFMFE VOEFS UIJT QSPQPTBM� 4FF "QQFOEJY "�

$IVK 	.BZBO� ,PUFL BOE &SMFXJOF ����
 BMTP GPSNT '$*T XJUI XI � ĳıĮŁ�

	��
 5JCFUBO XI�Ġĳĵ�ĠĳıĢ�ģľģı '$*� 	&SMFXJOF ����

.P�SBOH
TIF

<TV
XIP

ZJO�OB>�ZBOH�MB
Ġĳĵ�ĠĳıĢ�ģľģı�Ģĝĺ

TLBE�DIB
TQFFDI

CTIBE�HJ�SFE�
UBML�Ĩİĵĥ�ĝļŀ

<1FNB JT WFSZ GSJFOEMZ�> q4IF UBMLT UP BOZPOF�r

! &WFO JG DPNCJOBUJPOT BSF DPODFTTJWF DPOEJUJPOBMT XIJDI DBO BMTP GPSN
VODPOEJUJPOBMT� :JO�OB�ZBOH BMTP GVODUJPOT BT B DPODFTTJWF TDBMBS QBSUJ�
DMF� 4FF "QQFOEJY # GPS NZ BOBMZTJT�

"OE TJNJMBSMZ JO %SBWJEJBO 	3BIVM #BMVTV ZFTUFSEBZ
�

��



� "DDPVOUJOH GPS WBSJBUJPO
/PU BMM MBOHVBHFT IBWF UIF TBNF SBOHF PGXI�QBSUJDMF RVBOUJaFS DPNCJOBUJPOT�
)PX EP MBOHVBHFT WBSZ 

� %JêFSFODFT JO XIBU 	DPNCJOBUJPOT PG
 PQFSBUPST BSF TQFMMFE PVU NPS�
QIPMPHJDBMMZ� BOE

� TZOUBDUJD SFTUSJDUJPOT PO UIF QMBDFNFOU PG "Įĺ4ħĨĥĺ ∃ ∃SFTFU�

��� %JêFSFOU MFYJDBMJ[BUJPOT

8F BMSFBEZ TBX UIJT JO ����� " EJTKVODUJWF QBSUJDMF DPVME NPSQIPMPHJDBMMZ
SFBMJ[F + PS ∃SFTFU UIF UXP JOHSFEJFOUT JO CPPMFBO EJTKVODUJPO���

����� 5PCB #BUBL NBOBOH 	&SMFXJOF ����B JO QSFQ


5PCB #BUBL 	"VTUSPOFTJBO� *OEPOFTJB
 IBT B QBSUJDMF NBOBOH XIJDI GPSNT
EJTKVODUJPOT CVU BMTP GPSNT XI�/1*�'$*T�

	��
 .BO�VIPS
ĝĠĺ�CVZ

CVLV
CPPL

J
UIBU

<IP
�TH

NBOBOH
İĝıĝıĦ

BIV>�
�TH

q&JUIFS ZPV PS * CPVHIU UIF CPPL�r
	��
 4J

ĵı
1PMUBL
1PMUBL

	EBOH

ıģĦ

NBOH�BMMBOH
ĝĠĺ�FBU

<NBOBOH
İĝıĝıĦ

BIB>�
XIBU

q1PMUBL \EPFTOrU FBU � FBUT^ BOZUIJOH�r

! NBOBOH↔ + PS ∃� 4FF &SMFXJOF ����B�

��4FF 6FHBLJ ���� GPS ZFU BOPUIFS QPTTJCJMJUZw TQJSJUVBMMZ DPNQBUJCMF XJUI NZ PWFSBMM GSBNF�
XPSL w XIFSF UIF +BQBOFTF EJTKVODUJWF QBSUJDMF LB SFBMJ[FT "Įĺ4ħĨĥĺ BUUBDIJOH BU EJêFSFOU MFWFMT
PG TUSVDUVSF XJUI + BOE 	B WBSJBOU PG
 ∃ CPUI CFJOH VOQSPOPVODFE�

��

����� 5XP EJTKVODUPST JO .BOEBSJO 	&SMFXJOF ����C JO SFWJTJPO


.BOEBSJO IBT UXP EJTKVODUPST� I¾JTIJ HFOFSBMMZ GPSNT BMUFSOBUJWF RVFTUJPOT
XIFSFBT IVÏ[IF FYQSFTTFT MPHJDBM EJTKVODUJPO MFBEJOH UP QSPQPTBMT UIBU I¾JTIJ
CVU OPU IVÏ[IF IBT B <+XI> GFBUVSF 	)VBOH ���� B�P�
�
#VU UIF EJêFSFODF JT OFVUSBMJ[FE JO DFSUBJO FOWJSPONFOUT� 5IFTF BSF GPS NBOZ
TQFBLFST�� UIF TBNF FOWJSPONFOUT XIFSFXI�QISBTFT BMTP IBWF OPO JOUFSSPH�
BUJWF VTFT�

! )¾JTIJ BOE IVÏ[IF BSF CPUI + CVU IVÏ[IF IBT B <V∃> GFBUVSF XIJDI SF�
RVJSFT B MPDBM ∃ PS ∃SFTFU� 4FF &SMFXJOF ����C�

⎛

⎜⎜⎜⎜⎜⎜⎝

/FVUSBMJ[JOH FOWJSPONFOUT DPOTJEFS POMZ UIFJS TJTUFSrT BMUFSOBUJWF TFU�
u 8I PS + 	I¾JTIJ PS IVÏ[IF
 DBO JOUSPEVDF UIPTF BMUFSOBUJWFT�
u *G IVÏ[IF ∃ 	XJUIPVU SFTFU
 XJMM MPDBMMZ BQQMZ aSTU�

&MTFXIFSF <V∃> PO IVÏ[IF XJMM CF TBUJTaFE CZ ∃SFTFU MFBEJOH UP BO *OUFS�
QSFUBCMF CPPMFBO EJTKVODUJPO� " TJNQMF ∃ XJUIPVU SFTFU XJMM WJPMBUF *OUFS�
QSFUBCJMJUZ� 'PS I¾JTIJ MJLF XI "Įĺ4ħĨĥĺ BQQMJFT UP GPSN B RVFTUJPO�

⎞

⎟⎟⎟⎟⎟⎟⎠

��� %JêFSFOU TZOUBDUJD SFTUSJDUJPOT

0OF FYBNQMF� *O NBOZ MBOHVBHFT XJUI CBSF XI JOEFaOJUFT UIFZ BSF MJNJUFE
UP MPXFS QPTJUJPOT JO UIF DMBVTF 	1PTUNB ����� #IBU ����
�

	��
 4IPTIPOF 	6UP�"[UFDBO
 CBSF XI JOEFaOJUFT NVTU CF JO�TJUV�
B� )BLLF

XIP
JO
ZPV

QVJLLB 
TBX

q8IP EJE ZPV TFF r

C� /J
*

LJBO
QFSIBQT

IBLLF
XIP

QVJLLB�
TBX

q* TBX TPNFPOF�r
	#IBU ���� Q� ��� DJUJOH .JMMFS ����


! 5IF EJTUSJCVUJPO PG ∃SFTFU NBZ CF TZOUBDUJDBMMZ SFTUSJDUFE�

��"QQBSFOUMZ OPU NZ SFWJFXFST CVU UIF QBUUFSO * NFOUJPO IFSF BSF SFQPSUFE CZ GPS FYBNQMF
3BZ )VBOH 	����
�

��



� $PODMVTJPO
5PEBZ * JOUSPEVDFE B GSBNFXPSL GPS QSPEVDUJWFMZ VOEFSTUBOEJOH QBUUFSOT PG
XI�RVBOUJaDBUJPO JO UXP�EJNFOTJPOBM "MUFSOBUJWF 4FNBOUJDT�

u " GFX CBTJD JOEFQFOEFOUMZ NPUJWBUFE JOHSFEJFOUT w XI + "Įĺ4ħĨĥĺ ∃
BOE ∃SFTFU w DBO UPHFUIFS NPEFM UIF CFIBWJPS PG NBOZ BUUFTUFE GPSNT PG
XI�RVBOUJaDBUJPO�

u $SVDJBM BSF UIF SPMFT PG *OUFSQSFUBCJMJUZ BOE SFTFU� #PUI BSF BTTVNFE
OPUJPOT JO QSFWJPVT XPSL CVU UIFZ IPME UIF LFZ UP VOEFSTUBOEJOH UIF
GSFRVFOU VTF PG GPDVT QBSUJDMFT BOE EJTKVODUJPO JO XI�RVBOUJaDBUJPO�

2� 8IZ BSF GPDVT QBSUJDMFT BOE EJTKVODUPST DPNNPOMZ JOWPMWFE JO XI�
RVBOUJaDBUJPO 

"� J� 'PDVT QBSUJDMFT BSF VOJRVF JO UIF HSBNNBS JO CFJOH BCMF UP BDDFTT
BMUFSOBUJWF TFUT 	!..."BMU
 	TFF F�H� 3PPUI ����
� 	%JTKVODUJWF QBSUJ�
DMFT PGUFO TQFMM PVU ∃SFTFU�


JJ� 'PDVT QBSUJDMFT BSF SFTFUUJOH BOE UIFSFGPSF DBO SFQBJS WJPMBUJPOT PG
*OUFSQSFUBCJMJUZ FTQFDJBMMZ GPMMPXJOH UIF BQQMJDBUJPO PG ∃�

5IF GSFRVFOU VTF PG GPDVT QBSUJDMFT JOXI�RVBOUJaDBUJPO JT VOFYQMBJOFE CZ FBS�
MJFS BQQSPBDIFT UP XI�RVBOUJaDBUJPO TVDI BT ,SBU[FS BOE 4IJNPZBNB ����
XIJDI QSPQPTFT WBSJPVT PQFSBUPST UIBU RVBOUJGZ PWFS BMUFSOBUJWFT XIJDI BSF
VOSFMBUFE UP GPDVT QBSUJDMFT���

3FGFSFODFT
"MPOJ .BSJB� ����� 'SFF DIPJDF NPEBMT BOE JNQFSBUJWFT� /BUVSBM -BOHVBHF 4FNBOUJDT

�����v���
"MPOTP�0WBMMF -VJT� ����� 4JNQMJaDBUJPO PG EJTKVODUJWF BOUFDFEFOUT� *O 1SPDFFEJOHT PG

/&-4 �� FE� ,FJS .PVMUPO BOE .BUUIFX 8PMG �v��
"MPOTP�0WBMMF -VJT� ����� %JTKVODUJPO JO BMUFSOBUJWF TFNBOUJDT� %PDUPSBM %JTTFSUBUJPO

6OJWFSTJUZ PG .BTTBDIVTFUUT "NIFSTU�
��4[BCPMDTJ ���� QSFTFOUT BO BQQSPBDI XIJDI EPFT NBLF B QSPEVDUJWF DPOOFDUJPO UP

qFWFO�BMTPr QBSUJDMFT BOE EJTKVODUJWF QBSUJDMFT� *UrT MFTT DMFBS IPX 4[BCPMDTJrT BDDPVOU DBO CF FY�
UFOEFE UP PUIFS GPDVT QBSUJDMFT UIPVHI�

��

"NSJUBWBMMJ 3� ����� 2VFTUJPO BOE OFHBUJWF QPMBSJUZ JO UIF EJTKVODUJPO QISBTF� 4ZOUBY
���v���

#BEF /BEJOF BOE ,POTUBOUJO 4BDIT� ����� &9) QBTTFT PO BMUFSOBUJWFT� " DPNNFOU
PO 'PY BOE 4QFDUPS 	����
� /BUVSBM -BOHVBHF 4FNBOUJDT �����v���

#FDL 4JHSJE� ����� *OUFSWFOUJPO FêFDUT GPMMPX GSPN GPDVT JOUFSQSFUBUJPO� /BUVSBM -BO�
HVBHF 4FNBOUJDT ����v���

#FDL 4JHSJE BOE 4IJO�4PPL ,JN� ����� *OUFSWFOUJPO FêFDUT JO BMUFSOBUJWF RVFTUJPOT�
+PVSOBM PG $PNQBSBUJWF (FSNBO -JOHVJTUJDT �����v����

#IBU %BSCIF/BSBZBOB 4IBOLBSB� ����� 5IF JOEFaOJUF�JOUFSSPHBUJWF QV[[MF� -JOHVJTUJD
5ZQPMPHZ �����v����

$IJFSDIJB (FOOBSP� ����� -PHJD JO HSBNNBS� 1PMBSJUZ GSFF DIPJDF BOE JOUFSWFOUJPO� 0YGPSE
6OJWFSTJUZ 1SFTT�

$IPJ +JOZPVOH� ����� 'SFF DIPJDF BOE OFHBUJWF QPMBSJUZ� B DPNQPTJUJPOBM BOBMZTJT PG
,PSFBO QPMBSJUZ TFOTJUJWF JUFNT� %PDUPSBM %JTTFSUBUJPO 6OJWFSTJUZ PG 1FOOTZMWBOJB�

$IPJ +JOZPVOH BOE .BSJCFM 3PNFSP� ����� 3FTDVJOH FYJTUFOUJBM GSFF DIPJDF JUFNT JO
FQJTPEJD TFOUFODFT� *O &NQJSJDBM *TTVFT JO 4ZOUBY BOE 4FNBOUJDT � FE� 0MJWJFS #POBNJ
BOE 1BUSJDJB $BCSFEP )PGIFSS ��v���

$SOJǒ -VLB� ����� (FUUJOH FWFO� %PDUPSBM %JTTFSUBUJPO .BTTBDIVTFUUT *OTUJUVUF PG
5FDIOPMPHZ�

%BXTPO 7JSHJOJB� ����� 5XP EJTKVODUJPOT JO 5JXB� .PSQIPMPHJDBMMZ EJêFSFOUJBUFE
EJTKVODUJPO TDPQF� )BOEPVU�

%BXTPO 7JSHJOJB� ����� -FYJDBMJ[JOH EJTKVODUJPO TDPQF� *O 1SPDFFEJOHT PG UIF -4"
WPMVNF � �v���

%BXTPO 7JSHJOJB� UP BQQFBS� 5JXB JOEFUFSNJOBUFT BOE /1 SFTUSJDUJPO JO B )BNCMJO
TFNBOUJDT� *O 1SPDFFEJOHT PG '"4"- ��

%F-BODFZ 4DPUU� ����� 3FMBUJWJ[BUJPO JO 5JCFUBO� *O 5PQJDT JO /FQBMFTF MJOHVJTUJDT FE�
:PHFOESB 1� :BEBWB BOE 8BSSFO 8� (MPWFS ���v���� ,BUINBOEV� 3PZBM /FQBM
"DBEFNZ�
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Why are focus particles and disjunctors commonly involved in wh-quantification?

A principle and a definition

Every clause must be Interpretable (from Rooth’s Focus Interpretation Principle, among others):

(7) Interpretability: To interpret α, JαKo must be defined and ∈ JαKalt.

Focus particles are (generally) resetting:

(8) Reset: Op is “resetting” if it specifies JOp αKalt := {JOp αKo}.

Alternative introducers

(10) a. JwhKo undefined

b. JwhKalt = {...}

(14) a. JJ {xi}Ko undefined

b. JJ {xi}Kalt =
⋃

{JxiKo}

JwhK / JJ {a, b, c}K
o(rdinary value): undefined

alt(ernative set): {a, b, c}

A wh/J-containing clause has no ordinary semantic value and will violate Interpretability (7).

The only three operators that define an ordinary semantic value where there is none

(12) a. J[AltShift α]Ko = JαKalt

b. J[AltShift α]Kalt =
{
JαKalt

}
JαK JAltShift αK

o: undefined . {a, b, c} .

alt: . {a, b, c} . . {{a, b, c}} .

(unchanged)

reset

(17) a. J∃ αKo =
∨

JαKalt

b. J∃ αKalt = JαKalt

JαK J∃ αK
o: undefined . a ∨ b ∨ c .

alt: . {a, b, c} . . {a, b, c} .

∨

(unchanged)

(19) a. J∃reset αKo =
∨

JαKalt

b. J∃reset αKalt =
{∨

JαKalt
}

JαK J∃reset αK
o: undefined . a ∨ b ∨ c .

alt: . {a, b, c} . . {a ∨ b ∨ c} .

∨
reset

• All three only apply to α where JαKo is undefined. (Don’t destroy the prejacent!)

• Ifwe applyAltShift (12) or∃reset (19) to awh/J-containing clause,weyield an Interpretable

result — a question or existential/disjunctive proposition, respectively.

• If we apply ∃, we get a defined ordinary semantic value but it still violates Interpretability!

Focus particles are common in wh-quantification because (a) they are unique in being able

to access and quantify over alternative sets (J...Kalt) and (b) they are resetting (8), fixing

violations of Interpretability following ∃ (17).


